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A new approach to robust control design with real parameter uncertainty has been developed using
the analysis criteria from absolute stability theory. Both time and frequency domain stability conditions
have been investigated, and the results demonstrate that the analysis tests include information about both
the phase and structure of the unknown parameters. This paper uses these analysis results to investigate
the synthesis of robust controllers. The control design algorithm uses state space optimization techniques
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criterion. In this technique, the optimal compensator and multiplier coefficients are designed simultane-
ously, which avoids the D-K iteration of JJL synthesis. The procedure is applied to the two and four mass
benchmark problems. These examples illustrate that good guaranteed robust performance can be achieved
using this Popov controller synthesis (or combined 3€2/ mixed jx) algorithm.
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Nomenclature
A, B, C = state space representation of G(s)
B0, C0 = structure of the plant uncertainty
% — expected value
G(s) = system transfer function
Af 2, MI = upper and lower sector/robustness

bounds
>fr, Q)r, & = r X r non-negative definite, diagonal, and

symmetric matrices, respectively
RJU, Ruu, V]9 V2 — ^2 weighting matrices
W(s), H, N = stability multiplier and coefficients
AA = uncertainty in the plant dynamics

I. Introduction

O NE of the most important aspects of the control design
and evaluation process is the analysis of feedback systems

for robust stability and performance. Significant attention has
been devoted over the past several years to the use of bounded
gain and other norm-based methods for these analysis tests.
Unfortunately, due to their dependence on norms, these tests
exclude the phase information on the system uncertainties and
can be very conservative for systems with constant real parame-
ter errors.1'3 To reduce this conservatism, recent research has
focused on improved stability criteria from the field of absolute
stability theory.1"6 The purpose of this paper is to extend these
results by presenting a synthesis algorithm for controllers that
guarantee robust $£2 performance.

In many robustness techniques, such as mixed |ji theory, the
difficulty in directly addressing the robustness problem with
real time-invariant linear uncertainties often leads to the use of
approximations or upper bounds in the analysis tests.7 These
difficulties are avoided in this approach by explicitly consider-
ing the stability of a linear time-invariant system in feedback
connection with an entire class of sector-bounded nonlinear
functions. As a result, we can develop simpler robustness tests
and provide a physical interpretation of the role of the multipli-
ers that arise in absolute stability theory. The use of nonlinear
uncertainties is an important extension of robust control for
systems that exhibit nonlinear phenomena, such as spring hard-
ening. Furthermore, as is done in this paper, these nonlinear
models can be used to improve the robustness of systems with
linear, constant, real parameter uncertainties.

The state space tests from absolute stability theory with
Lyapunov functions of the Lur'e-Postnikov form are well docu-
mented.5'6 However, the significance for robust control of the
linearized form of these Lyapunov functions has only recently
been identified.2'4 In fact, recent work by How,1 How and Hall,3
and Haddad et al.8 has demonstrated that there is a direct connec-
tion between the results of absolute stability theory from the
1960s and current work on mixed fi and Km analysis.9'10 This
connection has largely been ignored in many of the recent
developments in robust control but unifies these two diverse
fields of research. Furthermore, these observations have demon-
strated that the stability multipliers provide a parameterization
of the IJL scaling functions and that mixed JJL theory is just a
special case of absolute stability.1'3'8

As mentioned earlier, the purpose of this paper is to design
robust controllers using an analysis criterion based on the Popov
stability test and the Or bound framework developed in Refs. 2
and 11. A numerical algorithm is developed to design robust
controllers that minimize an overbound of an ̂ 2 cost functional
and satisfy an analysis test based on the Popov stability multi-
plier, W(s) = I + Ns, N ^ 0. The cost is simultaneously
optimized with respect to the controller gains and multiplier
coefficients, which avoids the iteration and curve-fitting proce-
dures required by the D-K procedure of jx and Km synthesis.12'13

Other advantages of this new approach are that it permits the
designer to prespecify the compensator order and architecture
so that an optimal design with these extra conditions can be
obtained. These design specifications cannot be incorporated

into the standard ̂  synthesis problem but are critical for most
realistic systems.14

We proceed with a brief presentation of some mathematical
preliminaries and the auxiliary minimization problem. These
results are followed by an outline of the synthesis algorithm,
which is then applied to two benchmark problems.

II. Mathematical Preliminaries
A. Robust Stability and Performance Problems

In the following, we present a brief outline of the robust
stability and performance problems discussed in Refs. 1, 2, and
15. Let GULCt3lnXn denote a set of perturbations A A of a nominal
matrix A e 9ft"x". The robust stability problem is to determine
whether the system

x(t) = (A + AA)*(0 (1)

is asymptotically stable for all A A e ^U. The robust performance
problem concerns the worst-case (over °U) ^2 norm of the
system

x(t) = (A + AA)jt(r) + Dw(t) (2)

z(0 = Ex(t) (3)

where E e 9 f t « X n and w ( f ) e
disturbance with weighting D
determine a performance bound 3 satisfying

is a zero-mean, white noise
Sft" x d. The aim then is to

J(°IL) 4 sup l i m s u p ^ f l l z f O N i } ^ 3
-

(4)

We can express the 3^2 performance measure in Eq. (4) in terms
of the observability Gramian for the pair (A + A A, E). For
convenience, we define the n X n non-negative definite matri-
ces R A ETE and V 4 DDT.

Lemma I.2 Suppose A + A A is asymptotically stable for
all AA e °tt. Then

= sup
AA e°U

(5)

where PM e <3lnXn is the unique, non-negative definite solu-
tion to

0 = (A 4- AA)7PA A + PAA (A + AA) + R (6)

Proof. See Ref. 2. D
Because D and E can be rank deficient, there may exist

cases with a finite performance bound for which Eq. (1) is not
asymptotically stable for all perturbations in the set0!!. However,
in practice, robust performance is mainly of interest when Eq.
(1) is robustly stable, and our approach is to obtain robust
stability as a consequence of the sufficient conditions for
robust performance.

To proceed with the robust performance problem, we bound
the uncertain terms AAr PM 4- PMAA in Eq. (6) by means of
a parameter-dependent function H(P, A A). The following result
is fundamental and forms the basis for further developments.

Theorem I.2 Let no: Nn -> & and P0: °U -» & be such that

AA7P + PAA < ft(P, AA) A H0(P)
- [(A + AA) rP0(AA) + P0(AA)(A + AA)] (7)

for all AA e ^U and P e Nn. Suppose there exists P e >T" satis-
fying

0 = ATP + PA + ao(P) + R (8)
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such that P + P0(AA) is non-negative definite for all A A e
°ll. Then (A + AA, E) is detectable for all AA e °U if, and
only if, A + AA is asymptotically stable for all AA e °lL In
this case, PM < P + P0 (AA), for all AA e °U, where PM is
given by Eq. (6). Therefore,

/(°10 < tr PV + sup tr P0(AA)V
AA e°U

(9)

Also, if there exists P0 e ©" such that P0 (AA)_< P0, for all
AA e °U, then /(%) < p, where p 4 tr [(P + P0) V].

P>w/ See Ref. 2. D
Remark 1. If R is positive definite, then the detectability

hypothesis of Theorem 1 is automatically satisfied. However,
Theorem 1 can be strengthened by noting that the detectability
assumption is, in a sense, superfluous. Robust stability concerns
only the undisturbed system in Eq. (1), whereas R involves the
3^2 performance weighting. Hence, robust stability is guaranteed
by the existence of a solution P e Nn satisfying Eq. (8) with R
replaced by a/n (a > 0) for which detectability is automatically
satisfied. However, for robust performance, P in Eq. (9) must
be obtained from Eq. (8).

We call H(v) a parameter-dependent Unbound, and note
that the preceding framework establishing robust stability is
equivalent to the existence of a parameter-dependent Lyapunov
function of the form V(x) =• xT[P + P0 (AA)]* which also
establishes robust stability.2 For convenience in the following
results we shall write Po(F) in place of P0(AA).

B. Diagonal Popov Criterion
We now consider the particular case of m independent scalar

parameter uncertainties. For this problem, we introduce the
diagonal matrices Mb M2 e 2)m, where it is assumed that Af2
- A/, is positive definite. The set °U is then defined as

4 {AA e 2ft" x": AA - B0FC0, where F e

where SF is given by

9 4 {F ) w : M{ < F <

(10)

(11)

BQ e 2ft"x m and C0 £ 2ftm x" are fixed matrices that denote the
structure of the uncertainty, and F e Or is an uncertain matrix.
Note that the diagonal matrices M2 and M\ represent upper and
lower bounds, respectively, on the elements of the uncertain
diagonal matrix F.

Note that Theorem 1 provides an upper bound for the 3€2
performance for a system satisfying the conditions for robust
stability for all perturbations ̂  given by Eq. (10), which can
be used to develop the following result.

Theorem 2. Let M,, M2, N e Q)m be such that M2 - M{ is
positive definite, N is non-negative definite, and

R0 A [(M2 - M,)'1 -
+ [(M2 - M,)-1 ~ >0 (12)

Furthermore, suppose there exists a non-negative definite matrix
P, satisfying

0 = (A +
+ [C0

X [C0

+ P(A + floAf,Co) + R

(13)

Then (A + AA, E) is detectable for all AA e °U if, and only
if, A 4- AA is asymptotically stable for all AA e °IL In this case,

4 tr [P + C0
r(M2 - M})NC0]V (14)

Proof. The proof is a direct consequence of Theorem 1
using

X

(15)

(16)

which satisfy the conditions in Theorem 1. Because F is lower
bounded by MI and N is non-negative definite, then (F — M\)
N > 0 for all F e 3% and it follows that P + P0 (F) is non-
negative definite for all F e SF, as required by Theorem 1 . See
Ref. 4 for further details. D

A geometric interpretation of the stability criterion in Theo-
rem 2 is discussed in How and Hall.3 The Nyquist plane test
is similar to the one discussed by Hsu and Meyer16 and can be
interpreted in terms of a family of frequency dependent off-
axis circles. For the case with symmetric sector bounds M\ =
— M2, the location of the circle center varies along the imaginary
axis as a function of the phase of the Popov multiplier, but
each circle has the same real axis intercepts at ±M2~I. Because
the location of the circle center changes with frequency, the
robustness test considers a restricted class of complex uncertain-
ties. It follows from this result that the stability condition
includes phase information about the parameter uncertainty.1'3'8
Theorem 2 is a generalization of the classic parabola test of
Ref. 17.

How and Hall3 also demonstrate that there are very close
connections between the frequency domain stability condition
from absolute stability theory and upper bounds for mixed JJL.
In fact, it is shown that the multipliers of absolute stability
theory correspond to a particular parameterization of the scaling
functions in JJL theory. By considering other classes of nonlinear-
ities, How and Hall3 and Haddad et al.8 extend the stability
criteria in Theorem 2 to include other classes of nonlinear
functions. The approach can then be used for systems that have
both real and complex and linear and nonlinear uncertainties,
which is an extension of current robust control theory.

With the framework in Theorem 2 for overbounding the ̂ 2
cost for a system satisfying the multivariable Popov stability
criterion, we can now complete the development of the control
synthesis procedure.

III. Dynamic Output Feedback Controllers
Consider the dynamic robust stability and performance prob-

lem for the nth-order stabilizable and detectable system with
constant structured real-valued plant parameter variations

Bu(t) (17)

(18)

where u(t) e ^m°, w ( t ) e <3ld, and y ( t ) e Sft'. The synthesis
problem is to determine an ncth order dynamic compensator

x(t) = (A + AA)jc(0

y ( t ) =

jcc(t) =Acxc(t) + Bcy(t) (19)

(20)

that satisfies the following design criteria: 1) the closed-loop
system in Eqs. (17-20) is asymptotically stable for all AAe°lt;
and 2) the performance functional / is minimized, where

£c, Cc)

1 f f 1A sup l imsup-^j [xTR^x + UT Ruuu]ds\ (21)
A A e ° U r-»°° t [J o J

For the uncertainties AA e aU, the closed-loop system in Eqs.
(17-20) can be written as
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= (A

where

Dw(t)

AC

(22)

(23)

Let V, = DI D[, V2 = D2 Dl, and for simplicity, assume that
D! DI = 0. Then the closed-loop disturbance Dw(t ) has inten-
sity V = DDr, where

D A (24)

The closed-loop system uncertainty A A in Eq. (23) has the
form AA = B(fC^ where

° and C0 4 [C0 O m X n J (25)
c X m J c

Note that C0 #o = C0 #o, so that

such that (Ac, Bc, Cc) is controllable and observable, N is non-
negative definite, and /?0 > 0.

To proceed, we augment the cost overbound $(AC, Bc, Cc)
with the constraint in Eq. (31) using the Lagrange multiplier
Q e >Tn + IIc, to form ££(AC, £0 C,, P, g)- We then take the
gradients of SB with respect to the free parameters in the state
space representation of the controller. Note that d!£/dQ recovers
Eq. (31). For convenience, we partition the symmetric matrices
P and Q as

where (-)n e N" and (^22 e J^r^. A similar decomposition is
also used for the product PQ. The gradients of the Lagrangian
with respect to the controller gains can be written as

0 = f = [A
or

+ Q[A + B

BT
0P)]Q

(C0

[PQ]2ICT

(33)

(34)

(35)

R0 A (M2 - Af,)-1

= (M2 - MO'1

= RQ

) + [(M2 -
[(M2 -

(26)

Finally, if A + AA is asymptotically stable for all AA e °U
and a given compensator (A0 5C, Cc), then the performance
measure in Eq. (21) is given by

J(AC, Bc, C) = sup tr
A/I e^U

(27)

where PA/i satisfies the (n + nc) X (n + nc) algebraic Lyapu-
nov equation

0 = (A + AA)rPAA- + PM (A + AA) + R (28)

where

To proceed, we consider sector-bounded nonlinear functions in
A A, and test stability using the Popov criterion. In particular,
we replace the Lyapunov Eq. (28) with the Riccati equation
which guarantees that the closed-loop system is robustly stable.
Then, for the dynamic output feedback problem, Theorem 2
holds with the appropriate matrices replaced with their closed-
loop counterparts. For clarity, we state the following design
problem.

Dynamic auxiliary minimization problem: determine the
compensator (Ac, Bc, Cc) that minimizes the 3^2 overbound-
ing cost

c, Bc, Cc) 4 tr [P + Cl(M2 - (30)

where, with C0 = C0 + NCQ (A + ZWiC0), P e Nn + n< satis-
fies

0 = (A 4-

+ R + [C0

+ P(A +

(RH

(36)

Haddad and Bernstein2 use similar results to derive explicit
expressions for the resulting optimal controller in terms of
the solution of four coupled Riccati equations. This synthesis
problem has also been extended in Refs. 1 and 8 to consider
more general stability multipliers.

Note that the matrices Mb M2, and N, and the structure in
#o and C0 can be used to examine tradeoffs between performance
and robustness. As shown in Refs. 1, 4, and 8, to further reduce
conservatism, one can view the multiplier matrix N as a free
parameter and optimize the worst case $£2 performance bound
to obtain

+ B0 R«l (Q + BT
QP)]TC% (37)

(31)

i -\O> 1

2 ~dN =

X Q [( A +

Since N e Q)m, only the diagonal elements of d&ldN can be
directly influenced through the optimization process.1

The synthesis approach developed by How1 uses a numerical
Broyden-Fletcher-Goldfarb-Shanno (BFGS) search algo-
rithm18'19 to solve the optimality conditions in Eqs. (31), and
33-37. There are two main steps in the solution algorithm. An
inner-loop step optimizes the cost functional by solving the
gradients to obtain the best current design. The inner-loop steps
are performed for fixed values of the stability bounds M\ and
M2, which are changed in the outer loop.

The inner-loop itself consists of two main parts. The first
of these determines a search direction that reduces the cost
functional. The second part performs a line search to determine
the step size to be taken in this search direction. The purpose
of the line search is to minimize the cost function in the specified
direction subject to various error constraints, such as system
or compensator stability. If, for a particular design, a normaliza-
tion of the system gradients is below a given tolerance, then
this inner-loop optimization is said to have converged to a
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solution. The bounds M\ and M2 are then increased using a
homotopy algorithm in the outer loop. The algorithm used in
these examples uses the current design as an initial condition
for the next inner-loop iteration.

If the inner-loop optimization fails to converge, the last incre-
ments in M, and M2 are reduced. This two step iterative process
is continued until the desired stability bounds M]f and M2/ are
achieved, if possible. The iteration in this design process results
in a family of robust controllers which then allows an analysis of
the tradeoffs between guaranteed robustness and performance.

In terms of computation, each inner-loop step requires the
solution of (n + nc)th-order Riccati and Lyapunov equations,
which can be quite intensive. Although only low-order examples
are considered in this paper, results in Refs. 1 and 20 demon-
strate that, using this approach, it is possible to design full-
order robust controllers for a 24th-order system with four uncer-
tainties and a 59th-order system with 11 uncertainties. The
algorithm could be improved further with a homotopy technique
similar to the one used for the optimal Popov analysis problem
inRef. 21.

As discussed earlier, this numerical algorithm determines the
optimal compensator gains and multiplier coefficients simulta-
neously, which avoids the need to iterate between controller
design and optimal multiplier evaluation. Note that both control-
ler order and architecture constraints can easily be included in
the state space optimization.22 Because of the connections to
both absolute stability theory and JJL analysis, this new approach
to robust control design is called both Popov controller synthesis
and combined ^2/ mixed JJL. The following section applies the
synthesis algorithm to two illustrative robust control bench-
mark problems.

IV. Benchmark Control Examples
In this section, we present examples of optimal robust con-

trollers designed using this Popov synthesis algorithm. Control-
lers are developed for two simple systems with constant real
parameter uncertainties. The low-order benchmark problems
clearly demonstrate the modifications to the compensator that
are required to achieve guaranteed robust stability. In How et
al.,20 the same approach is applied to more complicated exam-
ples on the Middeck Active Control Experiment.

The first problem considers a spring uncertainty for the sys-
tem illustrated in Fig. 1. The second problem investigates both
inertia and multivariable stiffness uncertainties (K{ and K3) for
the system illustrated in Fig. 2. The sensitivity of the plant
transfer functions to parameter variations makes both of these
systems difficult challenges for robust control design.23-24

Both full- and reduced-order controllers are developed in
this paper. The results are presented in terms of performance
robustness curves for several values of the stability bounds M\

102
F

X2

Fig. 1 Two mass oscillator.

10° :

10-

—— LQG
- - - - P l l

P12

-0.5 0 0.5
Stiffness uncertainty

1.5

Fig. 3 Performance cost curves illustrating the tradeoff between
guaranteed (and actual) robust stability and nominal /robust per-
formance, see Table 1 for stability bounds.

and MI. Where possible, an interpretation of how this robustness
is achieved is also provided. Recall from the previous develop-
ments that MI and M2 represent the guaranteed robust stability
bounds, which are lower bounds on the magnitudes of the actual
stability limits achieved.

A. Two Mass Spring System
Consider the two mass spring system illustrated in Fig. 1

with m\ = m2 = 1 and an uncertain spring stiffness k. A control
force acts on mass 1, and a disturbance acts on mass 2. The
position of mass 2 is measured, which results in a noncollocated
control problem. The nominal dynamics, with the states defined
in the figure, are governed by the matrices

A =
0
0

-k̂no

0 1 Oi
0 0 1

B =
0 0
0 0
0 0

Li o.

C = [0 1 0 0], D2 = [0 1]

(38)

(39)

Fig. 2 Four disk oscillator.

where the actual spring stiffness is k = knom + Aft and knom =
1. The actual dynamics of the system are given by the matrix
Ak = A + A££0Co, where C0 = [1 -1 00] andSj = [00 -1 1].

This benchmark problem is discussed in detail in Ref. 24.
The example in this paper only considers design problem 1.
The displacement of mass 2 was penalized, so R^ = CfC, Rm
= p, V2 = pD2D[, and V} = D,D[, where p = 0.001. The
goals are to achieve good nominal performance and demonstrate
robust stability and performance for perturbed spring stiffness
values in the range 0.5 ̂  k ^ 2.

Using the algorithm in Sec. Ill, several full-order (nc = n)
Popov compensators were designed for this uncertain system.
The designs are distinguished by the labels P(a)(b), where a
refers to the number of the example, and b refers to the different
compensators for that example. Figure 3 compares two robust
designs with the optimal linear quadratic Gaussian (LQG) con-
troller. The graph is a plot of the $£2 cost of the closed-loop
system for various magnitudes of the parameter perturbations.
In general, the system performance degrades as the magnitude
of the perturbation increases. The cost curves then tend to
increase, forming the characteristic "cost buckets." The cost
values in this graph have been normalized with respect to the
nominal LQG value to obtain /norm.

The stability robustness and performance levels achieved are
presented in Table 1. Note that there are no guaranteed stability
robustness bounds for the LQG design. The closeness of the
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actual and guaranteed stability bounds indicates that the lower
stability limit is the more challenging goal to achieve. However,
the results also indicate that whereas the PI2 compensator
guarantees stability for stiffness values in the range (—0.4, 0.6),
it actually achieves robust stability over the range of stiffness
values specified in problem 1 of Ref. 24.

The optimal Popov (PI2) and Linear Quadratic Gaussian
(LQG) controllers are compared in Fig. 4 and Table 2. Although
similar at high frequencies, the transfer functions of the compen-
sators are strikingly different for frequency values near the
uncertain mode. The more lightly damped nonminimum phase
zero in the Popov compensator at 0.9 rad/s phase stabilizes
the system for negative values of A/:. Similarly, the phase of
the Popov compensator is higher at high frequencies, leading
to a stable system for larger positive values of A/:. A comparison
of the modifications required in the Popov compensator at high
and low frequencies clearly illustrates why the lower stability
limit presents the more difficult design challenge.

The transfer functions in Fig. 4 indicate that the LQG and
Popov controller gains are similar in magnitude. In fact, impulse
responses of the nominal and perturbed closed-loop system
dynamics indicate that the Popov controllers achieve good
robust performance without large increases in the controller
effort.

The robustness of the two compensator designs can be com-
pared further in terms of the gain and phase margins of the
loop transfer functions. With the LQG compensator, the phase
margin at 0.98 rad/s is only 4 deg and gain margin at 1.00
rad/s is only 1.06. With the Popov compensator, the phase
margin at 2.02 rad/s is 37 deg and the gain margin at 3.53
rad/s is 2.5.

Table 1 Closed-loop robust performance for the two mass
system with spring uncertainty, optimal multiplier for P12 is

WottO = 1 + 0.33s

Lower bound
Fig. 3 label
LQG
Pll
P12

•'norm

1.00
1.42
3.34

Actual
-0.03
-0.25
-0.55

Guaranteed
0

-0.10
-0.40

Upper bound
Guaranteed

0
0.30
0.60

Actual
0.45
0.95
1.05

Table 2 Comparison of LQG and P12 compensators for the
two mass system, transfer functions are shown Fig. 4

Compensator DC Gain Poles Zeros

LQG

P12

-1.28

-0.36

-1.76 ± 4.267
-4.98 ± 3.42/
-7.16 ±0.887
-3.63 ± 6.23J

-0.65
0.15 ± 1.23J

-0.29
0.04±0.937

102

110°

10 2

0

-200

-400

——— G(s)
P12

- - - - - LQG

G(s)
P12
LQG

ID'1 10°
Frequency (rad/sec)

101

Fig. 4 Comparison of LQG and P12 compensators for the two
mass system, poles and zeros given in Table 2.

We can also investigate the robustness of this simple system
with one uncertainty using the Nyquist stability criterion. Con-
sider the robust performance problem in Fig. 5. We then form
the closed-loop system M(s) using representations of the plant
G(s) and the compensator Gc(s). Using a representation of
M(s), we can then plot the transfer function T^ across the block
A and use the Nyquist criterion to determine the values of A( s)
that result in an unstable closed-loop system. These values are
given by A for which 1 - T^A = 0, or equivalently, A = 1/7^.

In Fig. 6, we plot Trd(s) with both the LQG and Popov (PI2)
controllers. Note that these curves include both magnitude and
phase information about the uncertainty that leads to instability.
In particular, the real-axis intercepts can be used to determine
the real parameter uncertainty that can be tolerated by the
system. The large negative real-axis intercept with the LQG
controller corresponds to the small negative stability bound in
Fig. 3. As expected, the Popov design results in a significant
improvement in the magnitudes of the real-axis intercepts with-
out substantially reducing the positive imaginary-axis intercept.
Because the Popov analysis test distinguishes between real and
imaginary values of the uncertainty, the approach avoids just
reducing the magnitude of the entire transfer function to achieve
robustness, as would be necessary with a standard small-gain
type test. Also note that the shape of the transfer function with
the Popov controller clearly illustrates the influence of the off-
axis circle tests analyzed in Refs. 1 and 3. The transfer function
with the PI2 controller also indicates that extending the synthe-
sis to more general multipliers should further reduce the conser-
vatism for systems with real parameter uncertainty.

The results of this simple example illustrate that the Popov
synthesis technique yields controllers that achieve good guaran-
teed robust performance. The following section applies the
design approach to the more complicated system in Fig. 2.

B. Coupled Rotating Disk System
A model of the four disk system illustrated in Fig. 2, with

states associated with the angular positions of each disk, is
given by the matrices

Fig. 5 Elements of the robust performance problem.
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Fig. 6 Nyquist plots of the closed-loop transfer functions Trd across
the block A with both LQG and Popov (P12) controllers.
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_ r o / l
I-M-[K -M-'DJ

M = m

ro.5 o o o -
0 1 0 0
0 0 1 0
0 0 0 1 .

(40)

1 -1 0 Oi
-1 2 - 1 0
0 - 1 2 - 1
0 0 - 1 1

where K = kT, D = dT, and

BT = 0 0 0 0 0 (1/m) 0 0 I , C = [ 0 0 0 1 0 0 0 0 ] (41)

T= To o o o o o oDl [ o o o o o o o 0 J
D2 = [0 1]

(42)

For this model we selected m = k = 1, and a low damping
value d = 0.01. The first problem considers uncertainty in the
inertia of disk 1 (m,). The second part of the problem considers
independent uncertainties in the stiffness values of the springs
k{ and &3. To complete the noise and performance specifications
for the ̂ 2 synthesis, we define fl« = C[C,, Ruu = p, V2 = pD2
Dl and V, = D,D[, where p - 0.005 and C, = [0 0 0 1 0 0
00.1].

The mass parameter uncertainty enters the system dynamics
through its inverse. Thus, we will use the inverse m =
1 lm\ as the uncertain parameter. The system uncertainty is then
written as

1/m, = l/mnom + m, ran = 0.5 (43)

Hence, as m{ varies from 1 to 0.25, m varies from -1 to 2. The
uncertainty in the dynamics matrix A can then be represented as
A A = m#0Co, where

Bl = [0 0 0 0 1 0 0 0]

C0 = [-k k 0 0 -d d 0 0]
(44)

The robustness results with three Popov controllers are pre-
sented in Fig. 7 and Table 3. The synthesis sequence was
terminated with guaranteed bounds of ±0.16, but the actual
stability limits are -0.22 < m < 0.34. These actual limits
correspond to inertia values in the range 0.43 < m\ < 0.56.
This range represents a significant fraction of the change in
m{(^ 0.38) required to exchange the order of the poles and
zeros in the open-loop system. The penalty for these robustness
guarantees, in terms of performance degradation, is evident
from the /norm values in Table 3.

Table 3 Closed-loop robust performance with inertia
uncertainty in disk 1

Fig. 7 label
LQG
P21
P22
P23

•'norm

1.00
1.32
1.58
1.80

Lower bound
Actual Guaranteed
-0.009 0
-0.110 -0.089
-0.160 -0.115
-0.220 -0.159

Upper bound
Guaranteed

0
0.021
0.115
0.159

Actual
0.041
0.151
0.250
0.340
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Fig. 7 Closed-loop robust stability and performance with inertia
uncertainty in disk 1, see Table 3 for stability bounds.
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Fig. 8 Closed-loop robust stability and performance with two
stiffness uncertainties; A^ = AAT3 assumed for the analysis; see
Table 4 for stability bounds.

The second problem considers multivariable uncertainty in
the stiffness values K\ and K3. Note that the performance of
this system is dominated by the two lower frequency modes
which are essentially unchanged by the model uncertainty.
However, the two higher frequency modes and the zero at 1.4
rad/s are strongly influenced by the parameter uncertainty. In
fact, small changes in the two stiffness values (5%) result in
very large phase variations in the frequency response of the
system. As a result, this benchmark problem captures many
of the important features for robust control design of more
complicated structures.25

For this problem, the uncertainty in the dynamics matrix A
is written as AA = B0A^TC0, where

[ 0 0 0 0 - 2 1 0 0
0 ~ [0 0 0 0 0 0 - 1 -l

|"l -1 0 0 0 0 0 0]
0 [o 0 1 -1 0 0 0 OJ

and AK = diag(AATi, AJ^3). A more general Popov multiplier
of the form H + Nn (//, AT e Q)2, H > 0, N > 0) was used
for this multivariable example.1'15 From the discussion in Sec.
Ill, the worst case 2£2 performance can also be optimized with
respect to the diagonal elements of //.As before, several robust
controllers were designed to analyze the tradeoffs between per-
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formance and robustness. The optimal multiplier for the Popov
P33 controller is

.00 0 0.45 0
(45)

A comparison of the multipliers for this family of Popov com-
pensators indicates that H and N change significantly as M2
= — M\ is increased. These changes in turn demonstrate the
importance of allowing the multipliers to vary in the synthesis
of the robust controllers.

Whereas the synthesis process treats multiple uncertainties
as uncorrelated, for simplicity in the presentation of the results,
only the case with AAT| = A^3 is analyzed here. The robust
stability and performance results are presented in Fig. 8 and
Table 4. The P33 compensator guarantees stability for 5% inde-
pendent variations in the stiffness values, which represents a
significant improvement over the values that the LQG design
actually achieves. For this lightly damped system, these pertur-
bations correspond to approximately ± 100-deg phase variations
in the plant transfer functions.

As before, there typically is a "stiff uncertainty direction
that is more difficult than the other directions. In this case, the
negative uncertainty values are more difficult to achieve in this
example, as can be seen by the closeness of the guaranteed and
actual lower bounds in Table 4. This knowledge of a more
difficult direction could be used to refine the stability bounds
and accentuate the robustness for negative uncertainties.
Although the discrepancy in the guaranteed and actual upper
bounds is, to some extent, a measure of the conservatism in
the technique, it is also a reflection of the relative ease of
robustifying the system to this particular direction of the uncer-
tainty.

The transfer functions of the optimal LQG and P33 compen-
sators are compared in Fig. 9. The uncertainty in the zero-pole
combination at approximately 1.4 rad/s and the pole at 1.9 rad/
s is reflected in the Popov compensator by lower controller
gains and much smoother phase. Further comparisons of the

Table 4 Robust stability and performance for the closed-loop
system with two stiffness uncertainties, A#i = A#3 assumed

for the analysis

Fig. 8 label
LQG
P31
P32
P33

•'norm

1.00
1.12
1.25
1.38

Lower bound
Actual Guaranteed
-0.003 0
-0.025 -0.019
-0.045 -0.035
-0.063 -0.051

Upper bound
Guaranteed

0
0.019
0.035
0.051

Actual
0.028
0.060
0.100
0.140

1 1.5 2
Frequency (rad/sec)

2.5

Fig. 9 Optimal LQG and P33 compensator comparison for the
system G (s) with two stiffness uncertainties.

LQG and Popov designs are given in Figs. 10 and 11. The
figures show the open-loop and closed-loop pole locations of
the system as a function of the uncertainty AAT = A/^ = A^
for -0.2 < AK < 0.2. The LQG and P33 designs from Table
4 are compared in these figures. The two sets of closed-loop
poles are plotted for the same values of A&. The graphs also
indicate the nominal closed-loop pole locations. If applicable,
the pole locations at the guaranteed stability limits are also iden-
tified.

With the LQG compensator in Fig. 10, there are nominally
two closed-loop poles at approximately 1.4 rad/s, the frequency
of the plant zero. Further analysis of Fig. 10 indicates that
the more lightly damped of these two pole pairs is extremely
sensitive to changes in the stiffness values. It is well known
that high-performance LQG controllers tend to invert the system
dynamics, which results in high gains at system zeros and
compensator zeros at plant poles. The resulting controllers are
then extremely sensitive to variations in the frequencies of these
poles and zeros.

A similar examination of the closed-loop poles with the
Popov compensator in Fig. 11 indicates that several key changes
have occurred. Consider the four poles closest to the imaginary
axis. Compared with the LQG design, the three lower frequency
ones are more heavily damped, but the highest frequency one
is essentially unchanged. The improved robustness of the
closed-loop system to stiffness uncertainty is clearly evident
by comparing the root loci in Fig. 11 with those in Fig. 10. In
particular, note that in the Popov design, the compensator poles

-2

LQG

0 Nominal closed-loop poles
* Open-loop poles

-0.4 -0.3 -0.2

Real

-0.1 0.1

Fig. 10 Closed-loop pole locations with the LQG compensator
for Atf = Atf, = A#3 and -0.2 < Atf < 0.2.

o -

-2 -

P33
M2=0.051

« Nominal closed-loop poles
* Guaranteed limits
* Open loop poles

--3o-0.5 -0.4 -0.3 -0.2 -0.1
Real

0.1

Fig. 11 Closed-loop pole locations with the P33 compensator for
Atf = Atf! = M3 and -0.2 < A# < 0.2.
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Table 5 Closed-loop robust stability and performance with
two stiffness uncertainties, comparison of full- (P41) and

reduced-order (P42) designs, AA^ = A£3 assumed for the analysis

Lower bound
Fig. 12 label
LQG
P41
P42

''norm

1.00
1.17
1.27

Actual
-0.003
-0.033
-0.035

Guaranteed
0

-0.024
-0.025

Upper bound
Guaranteed

0
0.024
0.025

Actual
0.028
0.075
0.200

Table 6 Comparison of a full- (P41) and reduced-order (P42)
Popov compensator for the system with two stiffness

uncertainties, stability boundaries are provided in Table 5

Design

P41

P42

DC Gain

-0.36

-0.34

Poles
-0.02 ± 1.407
-0.31 ± 2.357
-2.18 ± 1.517
-2.41 ± 2.857
-0.02 ± 1.407
-0.85 ± 0.987
-2.03 ± 7.157

Zeros
-0.26

0.17 ± 0.807
0.08 ± 1.607

-0.03 ± 1.977
-0.27

0.17 ± 0.837
-0.06 ± 1.657

I

4

3.5

3

2.5

2

1.5

1

0.5

—— LQG
P41

- - - P42

-0.15 -0.1 -0.05 0 0.05 0.1
Correlated stiffness uncertainty

0.15 0.2

Fig. 12 Closed-loop robust stability and performance with two
stiffness uncertainties, compares full and reduced-order designs;
see Table 5 for the corresponding stability bounds.

at approximately 1.4 rad/s are shifted away from the plant zero.
The approach then avoids the pole-zero cancellations in the
closed-loop system that lead to such sensitive LQG designs.
The traces in Fig. 11 also indicate that additional robustness is
achieved by changing the departure angle of the closed-loop
poles when plotted vs the uncertain parameter &K.

The last part of this problem considers the design of a reduc-
ed-order Popov controller (nc = 6) for the system with multiple
stiffness uncertainties. The stability robustness and performance
values for the full-order (P41) and reduced-order (P42) designs
are given in Fig. 12 and Table 5. Because the optimal compensa-
tor order is nc = n = 8, the nominal performance of this
suboptimal design (nc = 6 < n) is expected to be worse than
both the LQG and full-order Popov designs. This is clearly
evident in the table by the larger value of 7norm. Although Fig.
12 apparently indicates that the reduced-order design is more
robust to increases in the stiffness values, this conclusion may
not be valid for other combinations of AA^ and A^3.

The poles and zeros of the full- and reduced-order controllers
are compared in Table 6. The results indicate that the controllers
are quite similar up to approximately 1.5 rad/s. However, the
two designs differ at higher frequencies due to the reduced
number of compensator poles and zeros. The reduced-order
design loses a pole in the 2.5-3.5-rad/s range and the zero at

2 rad/s. The loss of the phase recovery associated with this
zero is accounted for in the reduced-order design by moving
the highest frequency pole pair to approximately 7 rad/s.

V. Conclusions
The results from these examples illustrate the capabilities of

Popov controller synthesis for robust control design with con-
stant real parameter uncertainty. The robust performance curves
clearly illustrate the tradeoffs between guaranteed stability and
3€2 performance. The relative flatness of the cost curves indi-
cates that similar performance levels will be achieved for all
parameter variations in the ranges of guaranteed and actual sta-
bility.

The importance of these benchmark problems is that one can
easily identify the modifications to the compensator required
to achieve the guaranteed robustness. However, recent results
have demonstrated that this Popov controller synthesis or com-
bined ^2/niixed JJL approach to robust control is feasible for
more realistic systems such as the Middeck Active Control
Experiment.
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